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The graphs we consider in this talk are simple, i.e. undi-
rected, without loops and multiple edges.

For a graph G, its vertex set and edge set are denoted by
V(G) and E(G), respectively. The order of G is the number
of vertices in V(G).

The degree of a vertex v € GG is the number of the vertices
that are adjacent to it. A graph is said to be r-regular if the
degree of every vertex is equal to r.

An automorphism of G means a bijection ¢ from V(G) to
itself such that {¢(v), ¢(v')} is an edge iff {v,v'} is.

G is said to be edge-transitive if for any two edges {v1, v} },
{vg,v4} there is an automorphism ¢ of G such that

{d)(vl)? ¢(Ui)} = {1)2, Ué}



Background

Conclusion

A sequence v1vsy - - - v, of vertices of GG is called a path of
length n if {v;,vi41} € E(G) fori =1,2,...,n—1 and v; #
vjyo for j=1,2,...,n—2.

A path vivs - - - vy, is called a cycle further if its length n is
not smaller than 3 and wvsvy - - - v,v1v2 is still a path.

If G contains at least one cycle, then the girth of G, denoted
by ¢g(G), is the length of a shortest cycle in G.

In the literature, graphs with large girth and a high degree
of symmetry have been shown to be useful in different prob-
lems in extremal graph theory, finite geometry, coding theory,
cryptography, communication networks and quantum compu-
tations.
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For prime power g and integer k > 2, Lazebnik et al. in
1995 proposed a bipartite graph, denoted by D(k,¢), which
is g-regular, edge-transitive and of large girth.

The vertex sets L(k) and P(k) of D(k,q) are two copies of
Flg such that (I1,l2,...,lx) € L(k) and (p1,pa,...,px) € P(k)
are adjacent in D(k, q) iff

ly +p2 = p1ly, (1)
I3+ p3 = pilo, (2)

and, for 4 <i <k,

. f pioly, ifi=0o0r1 (mod4),
ll +pl B { plli_Q, ifi=2o0r3 (mod 4). (3)
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In 1995 Lazebnik et al. showed some automorphisms of
D(k, q) and then proved g(D(k,q)) > k + 4.

Since the girth of a bipartite graph must be even, we have
g(D(k,q)) > k +5 for odd k. In 1995 Fiiredi et al. proved

9(D(k,q)) =k +5

for odd k with #3|(¢ — 1) and conjectured further
Conjecture A. g(D(k,q)) = k+5 for all odd k and all ¢ > 4.
This conjecture was proved to be valid:

e in 2014 when k + 5 = 2p® for some s > 0;
k+5

divides ¢ — 1 for some s > 0;

where p is the characterlstlc of the field IF,.
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The graph D(k, q) was shown to be disconnected in general
in 1996. The number of components of D(k,q) was deter-
mined further for ¢ > 3 in 2004.

The connectivity and the lower bound of the girth of D(k, q)
imply that the components of D(k, ¢) provide the best-known
asymptotic lower bound for the greatest number of edges in
graphs of their order and girth. Indeed, at the present, the
components of D(k,q) provide the best general lower bound
(for all but few exceptional values of ¢) on the Turdn numbers
ex(n; {Cs,...,Coy1}) and ex(n; {Cx}).
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For n > 1, Lazebnik and Viglione constructed in 2002 a
bipartite graph G,,(¢) (indeed a generalization of the graph
defined by Wenger in 1991) whose vertex sets are L(n+1) and
P(n + 1) such that two vertices (I1,la,...,l,4+1) € L(n + 1)
and (p1,p2, .- .,Pnt1) € P(n+1) are adjacent in G, (q) if and
only if

li+pi=pili—1,i=2,3,...,n+1. (4)

For n > 3 and ¢ > 3, or n = 2 and ¢ odd, the graph G, (q)
is semi-symmetric( edge-transitive but not vertex-transitive),
connected when 1 <n < ¢—1 and disconnected when n > q,
in which case it has ¢" 97! components, each isomorphic to

Gq—l(Q)-
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For n > 2 and commutative ring R, Lazebnik and Woldar
constructed in 2001 a bipartite graph BT, = BT'(R; fa, ..., fn)
whose vertex sets L,, and P, are two copies of R"™ such that
(lh,l2,...,1l,) € Ly, and (p1,p2,-..,pn) € P, are adjacent in
BT, if and only if

li +pi = fi(pl; l17p27l27 -y Pi—1, li—1)7i = 2737 ceey Ny, (5)

where f; : R%~2 — R are given functions.
Some general properties of BI',, were exhibited by Lazebnik
and Woldar in that paper.
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When R is a finite field and the functions f; are mono-
mials of p; and [, the graph BT, is also called a monomial
graph. For positive integers k,m, k', m/, it is proved in 2005
that the monomial graphs BFQ( q,pllm) and BI'y(F q,pl lm )
are isomorphic if and only if {ged(k,q — 1), ged(m, g — 1)} =
{gcd(K',q —1),ged(m/,q — 1)} as multi-sets.

If ¢ is odd, it was proved in 2007 that any monomial graph
BT'; of girth > 8 is isomorphic to a graph BT'3(F; p1l1, pki2¥)
for k with (k,q) = 1. In particular, the integer k can be
restricted to be 1 further if the odd prime power ¢ is not
greater than 100 or of form ¢ = p2a3b for odd prime p. It
was further conjectured that:

Conjecture B. For any odd prime power g, every monomial
graph BTz of girth > 8 is isomorphic to BI's(Fy; pil1, pll%).
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Let g be a power of an odd prime pand 1 < k < k — 1.

Conjection C. X*[(X +1)* — 2*] € F,[X] is a permutation
polynomial if and only if k is a power of p.
Conjection D. [(X +1)% — 1]x9717F —2X9" 1 € F,[X] is a
permutation polynomial if and only if & is a power of p.

It was proved in 2007 that Conjecture B is true if Conjec-
tures C and D are true.

In 2019, Xiangdong Hou et.al proved that Conjecture B is
true though the Conjectures C and D are still open.
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In this talk, T denotes a set of binary sequences satisfying

Cl: T contains the null sequence n and the sequences ob-
tained from those in 7"\ {n} by deleting the last bits.

We note that 1" corresponds indeed a binary tree.

Let L(T') and R(T) be two copies of IF!ITHl, where |T'| is
the size of T

We will denote the vectors in L(T) by [I] (or in R(T) by
(r), respectively). The entries of vectors in L(T) U R(T) are
indexed by the elements in T'U {x}, where x is a symbol not
in 7" and used to index the colors of the vectors.
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Let I'(T, q) be the bipartite graph with vertex sets L(T),
R(T') such that [[] € L(T') and (r) € R(T) are adjacent in
(T, q) if and only if

and
la0 + 700 = T4la, for a0 € T, (7)
lg1 +rg1 = lyrg, for Bl € T. (8)

If we define x0c = *1o = o for any o € {0, 1}*, the equa-
tion (6) can also be included in either (7) or (8).
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Let [0]; denote the vector [I] satisfying I, = z and I, = 0
for a € T, and (0), denote the vector (r) satisfying r, = =
and ro, =0 for « € T

Clearly, for any T' the bipartite graph I'(T),q) is g-regular
and contains the edge ([0]o, (0)o).

For k£ > 2, let Uy denote the set consisting of the first k —1
elements in the following set

U = {n,0,1,01,10,010,101,0101, 1010, .. .}. (9)

Then, I'(Uy, q) is equivalent to D(k, q).

For positive integer n, let W,, denote the set of all-zero
sequences of length less than n. Then, I'(W,,, q) is equivalent
to the Wenger graph G, (q).



For any binary sequence a, let |a| and w(«) denote its
length and the number of its nonzero bits, respectively.

For z,y € Fy, let Ay, denote the map from L(T") U R(T)
to itself such that, for [I] € L(T') and (r) € R(T),

of (T Aay([1))s = 2le, Ay ((1)))5 = Y7,
Connectivity

of I'(T, q) and

Background

Projections
and Lifts in

(T, q) ()\z,y([l]))a _ xw(a)-‘rlylal—w(a)—kllm

Girth of

T, q) ()‘:v,y(<7">))a — mw(a)-i-lylal—w(a)-l—lra.

Conclusion

For any x,y € Fy, Ay y is an automorphism of T'(T) q).
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For aw € T, let St(«) denote the set of sequences § with
{013,108} NT # (.
Let S(T) = UaeTST(a)'

Theorem

For any x € Fy and o € T with Sp(o) C T, there is an
automorphism 0 o of T'(T,q) such that, for any [I] € L(T)
and (r) € R(T),

(0z,a([]))a =la + 7, (02,0((1))a =Ta — =,
and
(em,a([l]))'y = ly, (ex,a(<7">))7 =Ty,
for any v & {af : € {0,137},




Background

Automorphis
of I'(T, q)

Connectivity
of I'(T, q)
Projections
and Lifts in

(T, q)

Girth of
(T, q)

Conclusion

For o € {0,1}*, let 0° =7 and o' = o'~1o for i > 0.

Theorem

If S(T') C T, then for any edge ([l],(r)) there are automor-
phisms 6y, 61 of (T, q) such that

@ 0o([1]) = [OL1,, (Bo((r)))« = 7+ and

(Bo((r))1: = U ry, if 1' € T,i > 0,
(Bo((r))a =0 for alla € T\ {1° : i > 0},

@ 01((r)) = (0)r., (01([1]))« = L and

B1(1))g: = ritL,, if 0° € T,i >0,
01([))a =0 for all a € T\ {0° : 5 > 0}.
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For a € {0, 1}, let H,(T') denote the set of sequences obtained
from the sequences a € T'\ {n} by deleting a a either from
the leftmost or from two consecutive a’s.

Theorem

Q@ If Hy(T) C T, then, for any x € F, there is an auto-
morphism ¢ of T'(T, q) such that

(@)« = L, for [I] € L(T),
(@((r)« = 74 + 2, for (r) € R(T).

Q If Hi(T) C T, then, for any x € Fy, there is an auto-
morphism 1 of T'(T,q) such that

()« = b+, for [I] € L(T),
(©((r)))s = 14, for (r) € R(T).




- Q If Hy(T)US(T) C T, then for any (r) € R(T) there is
an automorphism m of T'(T, q) such that w({r)) = (0)o.

nire) Q@ IfH\(T)US(T) C T, then for any [l] € L(T) there is an

Automorphis automorphism m of T'(T, q) such that 7([l]) = [0]o.

of T'(T, q)

Connectivity

f T'(T, q)

Theorem

If Hy(T)UH(T) C T, then the bipartite graph T'(T, q) is edge-
- transitive, or equivalently, for any edge ([l], (r)) € E(I'(T,q))
(T, q) there is an automorphism 7 of I'(T, q) such that w([l]) = [0]o
Conclusion and 7T(<T>) — <0>0

y

The bipartite graphs D(k,q) and Gi(q) are edge-transitive.




Automorphis
of (T, q)

Conclusion

For example, let 77 denote the following set

{n,1,0,10,0%,01,101,0%1,010, (10),0%10, (01)2, (10)°1,
0(01)%, (01)%0, (10)%,0%(10)?, (01)*,1(01)*,0(01)*}
Then, the bipartite graph I'(77, q) is edge-transitive.

If the sequences in T; are mapped into {1,2,...,20} in
order and the symbol * is mapped to 0, then [I] and (r) are
adjacent in I'(T1, q) if and only if

e+ 7k =lork—1, k=1,2,
lj+r; =rolj—2, j =3,4,5,

and, for 6 <7 < 20,

I 4y — { lorizs, ifi=0o0r Lor 2(mod6),
Y rolies, if i =3 or 4 or 5(mod6).



For any x € Fy, let 2° be the multiplicative unit of Fy.

. Forany ([l], () € B(I(T,q)), o, B € {0,1}*U{x} and s > 0,
Automorphis

of T(T, q) Q If{al0% pB10°} C T, then

Connectivity

of T'(T, q)

S
Projections s—t
and Lifts in la10s78 — Talgios = E T (TaTﬁlot - 7“a10t7",8)-
(T, q)

o, t=0
Girth of

I (T, q) Q If {a01°,301°} C T, then

Conclusion

TaOISZB — largms = Z li_t(lalﬁ()lt — laOltlﬂ)'
t=0
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Theorem

Suppose v € {0,1}* U {*}.

Q@ If a0? is a sequence in T, then
—1
laos = la0 = Ta0 — (Ta0s + Tergoa-1 + - + 71 Tao)

is an invariant of T(T,q).

Q If al? is a sequence in T, then
Told — Tol = la1 — (lalq + l*lalq—l GFoocaF lg_llal)

is an invariant of T(T,q).
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For any sequence s = (s, S2,...) of nonnegative integers, let
to(s) = and, for i > 1,

i—1(8)10%, if 7 is odd,
Hi(s):{ o 1( )

wi—1(8)01%, if ¢ is even.

Theorem

If a = p(s1,- .., S2n+1) is not equal to & = u(Sap41,---,51),
then for any edge ([l],(r)) of T(T,q),

n S
R E ' § S2;—1 _
la - la + l* * (lulzil/j,m_lolt l,u’mOlt llJv2i—1)7
i=1 t=0
n S2i+1
o s2i4+1—t _
=g = Fa aF E E T (Tu’% 4110t g Tu’ziﬂruzilot)’
i=0 t=0

/
where i = pi(s1, ..., Son+1) and p; = pony1—i(S2nt1,---,51)-

4




For any sequence s = (s, S2,...) of nonnegative integers, let
vo(s) = * and, for i > 1,

Background Vz_]_(s)OlsZ; le iS Odd7
vi—1(8)10%, if i is even.

Automorphis
of I'(T, q) e1m

St Ifa =v(s1,..., 52n41) s not equal to & = v(sont1,. -, 51),
| then for any edge ([0, () of T(T,q),

and Lifts in
(T, q)
n  S2i+1
Girth of S2i4+1—t
(T ) la — ld + E E l* (lVéi+1lV2i01t ll/é +1 1tl,/2i)
Conclusion i=0 t=0
n 824
e § : § : S9;—t1
=Ta — Ta + Ty g (Tyéilotr,,%_ — Ty 7'1,21 110t)
i=1 t=0

/
where v; = vi(81, ..., Son+1) and V; = Vapi1—i(Sant1, ..., S1)-

4
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T rem

If « = u(sy,...,s9,) is not equal to & = v(sap,...,S1), then
for any two adjacent vertices [l], (r) of I'(T, q),

n 82
—la+ Z Z 1821 l z lﬂm 101t — lu” Oltll/Qz— )
=1 t=0
n—182i+1
N 321,+1_
=Ta —Tat Z Z T 7" é’i+110trﬂzz rl/é/z-ﬁ-l uzzlﬂt)a
i=0 t=0

where p; = pi(s1,...,82,) and V! = pon—i(Son, - ., S1).
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For any binary sequence o = ajag---ay, a; € {0,1}, let
O = apQp_1-*" 0.

[(T,q) has at least q" connected components, where h is the
number of pairs o, & € T with o # &.




Hereafter, we suppose that 7" is a subtree of T with n € T".
Let 77+ denote the projection from I'(T),q) to I'(T",q)
defined naturally.

For any component C of I'(T, q), Ug/7/(C) is a component of

of I'(T, q) o .
, ' (T',q) and Xlp/qr is a t-to-1 graph homomorphism from C
Connectivity ) /
of T(T, q) to Il (C) for some t with 1 <t < gTI=1Tl,
Projections
and Lifts in
(T, q)
- . /
Girth of v
(T, q) Ul 1 C

/
Conclusion ><Ut Ut

HT/T’ /
r_
U ul C = HT/T’(C)

where {v1,...,v} = {v e V(C) : p/p(v) = u}.
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Assume T =T \ {a} for some leaf node « in the tree T'.
Let C’ be a component of I'(T”, ¢) and L(C") the set of com-
ponents C of I'(T,q) with C" = Tlpp/(C). For C € L(C")
and vertex u € V(C'), let

p(u, O) = {alv € V(C), Ty (v) = u}.

Then, p(u,C) is a coset of some additive subgroup G of F,.

L(C")
¢ \HT/T'/

O

C/
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Theorem

Suppose T = T \ {a} for some leaf node « in the tree T.
Let C" be a component of T'(T",q) and C € L(C"). Then,
n = |L(C")| divides q and there are maps f : V(C') — Fy,
g :L(C") = Fy and an additive subgroup G = G(C") of F, of
order t = q/n such that, for C € L(C"),

(u,C) = { fw) +9(C)+ G, ifueV(C)NL(T),
plu, f(u) —g(C)+ G, ifueV(C)NR(T),

where {g(C)|C € L(C")} is a representive set of cosets of G
in By, namely, {g(C) + G}ceLcr) are distinct cosets of G in
]Fq 'U)'lth UCE]L(C’) (g(C) -+ G) = ]Fq.

V.




Theorem

Suppose S(T') C T and S(T") C T".
Q@ There is an integer t with 1 < t < q‘T|_|T’| such that,

Background

Automorphis for any component C' of (T, q), Uy is a t-to-1 graph
(tr(i:)h homomorphism from C to Ilp /T/(C’).

of N(T,q) Q IfT' =T\ {a} for some leaf node o of T, there is an
el additive subgroup G of F, such that, for any component
(T, q) C of I'(T, q) and vertex u of Uy, (C), the set p(u,C) is
g a coset of G. |

Conclusion

If S(T) C T, all components of T'(T, q) are of the same size.




For a € {0, 1}, let M, denote the set of the sequences 5 € U
that are lead by a, namely,
v 10,01,010,0101,..}, ifa=0,
“=\ {1,10,101,1010,...}, ifa= 1.

Automorphis

(

Lemma

" Let B be a sequence in T NU.

T, q)

Projections Q If B € My, then I'(T, q) has no cycle of length 2(|5]| + 1)

I(T, q) containing a vertex of form [0],.

e Q If B € My, then I'(T,q) has no cycle of length 2(|8| + 1)
containing a vertex of form (0).

Conclusion

Theorem

Assume that S(T') C T. If p € TNU, then the girth of T'(T, q)
is at least 2(|8] + 2).

| A\

v
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For example, for n > 0 let

v [ UV {(01)k=10, (01)k0}, if n =2k —1,
" Usgpa U{(OD)%, (01)*1},  if n = 2k.

From S(&,) C &, we see that the girth of I'(X,,, q) is at least
2((n+2)+2) = 2n+8. Note that this lower bound is equal to
the best known one achieved by D(2n + 3, q) = T'(Uap3, q).

Xog—1:

XQk:




Lemma

Let s,t be nonnegative integers with ged(s —t,q — 1) = 1.
Q@ If B € MyU{n} and {0°B,0'8} C T, then TI'(T,q) has
- no cycle of length 2(|8| + 2) containing a vertex of form
I( [0].
gy Q If B € My U{n} and {1°B,1'8} C T, then I'(T,q) has
. no cycle of length 2(|8| + 2) containing a vertex of form

and Lifts in
(T, q) <0>.’E .
V.

Girth of

(T, q)
Conclusion T]'leorel11

Suppose S(T') C T, a € {0,1} and B € M, U{n}. If there are
nonnegative integers s,t with ged(s —t,q — 1) = 1 such that
{a®B,a'B} C T, then the girth of T'(T,q) is at least 2(|3] + 3)

4




Let T3 denote the following set

Background

S {n,0,1,01,10,010,0101,01010, 02, 0%1, 0710, 0*101, 0%1010}.

Graphs
(T, q)

| From S(73)U{01010,001010} C T3, the girth of I'(73, q) is at
least 2(5 + 3) = 16.

Connectivity
of I'(T, q)

Projections
and Lifts in

(T, q) 0 10 10
Girth of

(T, q) 0 10 10
Conclusion 77
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Lemma

Q@ If B € MgU{n} and 1B € T for some m > 0, then
(T, q) has no cycle of length 2(|3| + 3) containing the
vertez [0]p.

Q@ If € MiU{n} and 0B € T for some m > 0, then
(T, q) has no cycle of length 2(|B| + 3) containing the
vertez (0)o.

Theorem

Suppose a € {0,1} and S(T) U Ho(T) C T. If there are posi-
tive integers t,ny, na, ..., ny, m and sequences vy, B € M,U{n}
with |B] = |y| + 2t — 1 such that {a@a™ aa™ - --aa™~,a™ B} C
T, where a is the symbol in {0, 1} other than a, then the girth
of (T, q) is at least 2(|f| + 4).

v




Let Ty denote the set of the following sequences

10%10,10%1,10%, 102, 10, 1;
02101, 0210, 01,02, 0; 01; 0310, 031, 0; .

Automorphis

..f-]"x7‘"' ’l.‘,-r, FI‘OIn S(T4) U Hl(T4) U {103107 02101} C T4, the glrth Of
. ['(Ty,q) is at least 2(3 +4) = 14.

Projections
and Lifts in
(T, q)

Girth of
(T, q)

Conclusion




Automorphis
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Connectivity

of I'(T, q)
Projections
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Girth of
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Conclusion

Assume that Hy(T) U H\(T) C T. If o« € TNU, then the
girth of (T, q) is at least 2(|a| + 3).

For k > 2, the girth of D(k,q) is at least k + 4.




In this talk, we deal with a generalization I'(T,q) of the
bipartite graph D(k, q), by indexing the entries of vertex vec-
tors with the nodes in a binary tree 7.

@ Sufficient conditions for I'(T', ¢) to admit a variety of au-
tomorphisms are proposed. A sufficient condition for
Connectivity I'(T, q) to be edge-transitive is shown.

of T(T, q)

- @ For I'(T, q), we show some invariants over the connect-

- ed components. A lower bound for the number of its
o)

- components is given.

(T, q)

@ Projections and lifts of I'(T', ¢) are investigated.

@ A few lower bounds for the girth of I'(T, q) are deduced.
New families of graphs with large girth in the sense of
Biggs can be obtained from I'(T), q), such as I'(X,, q).

Conclusion
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Thank You for Your Attention!
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