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. . . . . .

Sn := the set of permutations of {1, 2, . . . , n}

Sn = ⟨s1, s2, . . . , sn−1⟩, where si = (i i + 1).

ℓ(π) := the minimal number of generators needed to represent π
I 41253 = (3 4)(2 3)(4 5)(1 2) = s3s2s4s1

I ℓ(41253) = 4

number of inversions: inv(π) := |{(i, j) : i < j and πi > πj}|.
I inv(41253) = 3 + 0 + 0 + 1 = 4

inv(π) = ℓ(π) for π ∈ Sn.
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. . . . . .

The descent number des and major index maj

Des(π) := {i : πi > πi+1, i = 1, 2, . . . , n − 1}

descent of π: des(π) := |Des(π)| ◃ des(41253) = 2

major of π: maj(π) :=
∑

i∈Des(π) i ◃ maj(41253) = 1 + 4 = 5

.
Theorem (MacMahon, 1913)
..

......

∑
π∈Sn

qmaj(π) =
∑
π∈Sn

qinv(π)

inv and maj are called Mahonian statistics (equi-distributed with ℓ)

des is called Eulerian statistic

P.A. MacMahon, The indices of permutations and the derivation therefrom of functions of a single variable associated with the
permutations of any assemblage of objects, Amer. J. Math. 35 (1913) 281–322.
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. . . . . .

Signed Euler-Mahonian identities
.
Theorem (Désarménien-Foata, 1992)
..

......

∑
π∈S2n

(−1)ℓ(π)tdes(π) = (1 − t)n
∑
π∈Sn

tdes(π)

∑
π∈S2n+1

(−1)ℓ(π)tdes(π) = (1 − t)n
∑

π∈Sn+1

tdes(π)

.
Theorem (Wachs, 1992)
..

......

∑
π∈S2n

(−1)ℓ(π)tdes(π)qmaj(π) =

n∏
i=1

(1 − tq2i−1)
∑
π∈Sn

tdes(π)q2maj(π)

J. Désarménien and D. Foata, The signed Eulerian numbers, Discrete Math. 99 (1992), 49–58.

M. Wachs, An involution for signed Eulerian numbers, Discrete Math. 99 (1992) 59-62.
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. . . . . .

Extend to Coxeter groups

In Sn: Coxeter group of type An−1

I Generalized by ⟨s1, s2, . . . , sn−1⟩, where si = (i i + 1)

I Sn = permutations of {1, 2, . . . , n}
e.g. S2 = {12, 21}

I Signed Euler-Mahonian identity:
∑

π∈S2n
(−1)ℓ(π)tdes(π)qmaj(π) = · · ·

In Bn: Coxeter group of type Bn

I Generalized by ⟨s0, s1, s2, . . . , sn−1⟩, where s0 = (1̄ 1)

I Bn = signed permutations of {1, 2, . . . , n}
e.g. B2 = {12, 12̄, 1̄2, 1̄2̄, 21, 21̄, 2̄1, 2̄1̄}

I ℓB = inv(π) +
∑

πi<0 |πi|
I des??
I maj??
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. . . . . .

Flag descent and major for Bn

DesF(π) := {i : πi > πi+1} w.r.t. 1̄ < · · · < n̄ < 1 < · · · < n

fdes(π) := 2 · |DesF(π)|+ δ(πi < 0)
fmaj(π) := 2 ·

∑
i∈DesF(π)

+neg(π)

I DesF(3̄16̄2̄5̄4) = {2, 3}
I fdes(3̄16̄2̄5̄4) = 2 · 2 + 1 = 5

I fmaj(3̄16̄2̄5̄4) = 2 · 5 + 4 = 14

.
Theorem (Adin-Roichman, 2001)
..

......

∑
π∈Bn

qfmaj(π) =
∑
π∈Bn

qℓB(π)

R.M. Adin, Y. Roichman, The flag major index and group actions on polynomial rings, European J.
Combin. 22 (2001) 431–446.
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. . . . . .

Signed Euler-Mahonian identities for Bn

.
Theorem (Biagioli, 2006)
..

......

∑
π∈B2n

(−1)invB(π)qfmaj(π) =

n∏
i=1

(
1 − q4i−2) ∑

π∈Bn

q2fmaj(π)

.
Theorem (–, preprints)
..

......

∑
π∈B2n

(−1)invB(π)tfdes(π)qfmaj(π) =

n∏
i=1

(
1 − t2q4i−2)

) ∑
π∈Bn

tfdes(π)q2fmaj(π)

R. Biagioli, Signed Mahonian polynomials for classical Weyl groups, European J. Combin. 27
(2006) 207–217.
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. . . . . .

Extend to 1-dim characters

1-dim character of G is a mapping χ : G → C being a homomorphism.

1-dim character χ of Coxeter groups:
I For Sn: χ(π) = 1, (−1)ℓ(π)

I For Bn: χ(π) = 1, (−1)ℓB(π), (−1)neg(π), (−1)inv(|π|)

.
Signed Euler-Mahonian Polynomial
..

......

∑
π∈G

χ(π)tstat1(π)qstat2(π)

χ : any 1-dim character of G

stat1: Eulerian statistic

stat2: Mahonian statistic
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. . . . . .

Main result 1: signed Euler-(Mahonian) identities for Bn
.
Theorem (Wachs, 1992)
..

......

∑
π∈S2n

(−1)ℓ(π)tdes(π)qmaj(π) =

n∏
i=1

(1 − tq2i−1)
∑
π∈Sn

tdes(π)q2maj(π)

.
Theorem (–, preprints)
..

......

∑
π∈B2n

(−1)ℓB(π)tfdes(π)qfmaj(π) =

n∏
i=1

(
1 − t2q4i−2)

) ∑
π∈Bn

tfdes(π)q2fmaj(π)

∑
π∈B2n

(−1)inv(|π|)tfdes(π)qfmaj(π) =

n∏
i=1

(
1 − t2q4i−2)

) ∑
π∈Bn

tfdes(π)q2fmaj(π)

∑
π∈Bn

(−1)neg(π)tfdes(π)qfmaj(π) =
∑
π∈Bn

tfdes(π)(−q)fmaj(π)
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Main result 1: signed Euler-(Mahonian) identities for Bn

.
Theorem (Désarménien-Foata, 1992)
..

......

∑
π∈S2n+1

(−1)ℓ(π)tdes(π) = (1 − t)n
∑

π∈Sn+1

tdes(π)

.
Theorem (–, preprints)
..

......

∑
π∈B2n+1

(−1)inv(|π|)tfdes(π) = (1 − t2)n
∑

π∈Bn+1

tfdes(π)

∑
π∈B2n+1

(−1)ℓB(π)tfdes(π) = (1 − t2)n(1 − t)
∑
π∈Bn

t2·desB(π)

desB(π) := |{i : πi > πi+1, 0 ≤ i < n}|, where π0 := 0
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. . . . . .

Extensions to Coxeter Groups of type Dn

 

des

maj

A  

fdes

fmaj

B

ddes

j

 

dma


D

nB nD
Coxeter groups
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. . . . . .

Main result 2: signed Euler-(Mahonian) identities for Dn

Dn = even-signed permutations of {1, 2, . . . , n}
Generalized by ⟨s′0, s1, s2, . . . , sn−1⟩, where s′0 = (1̄ 2)

I D2 = {12, 1̄2̄, 21, 2̄1̄}

Dn has two 1-dim characters: 1 and (−1)ℓD

ddes(π) := fdes(π1π2 · · ·πn−1|πn|)
dmaj(π) := fmaj(π1π2 · · ·πn−1|πn|)

.
Theorem (–, preprints)
..

......

∑
π∈D2n

(−1)ℓD tddes(π)qdmaj(π) =

n∏
i=1

(1 − t2q4i−2)
∑
π∈Dn

tddes(π)q2dmaj(π)

∑
π∈D2n+1

(−1)ℓD(π)tddes(π) = (1 − t2)n
∑

π∈Dn+1

tddes(π)
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. . . . . .

Proof Sketch for even case: Step 1

For π ∈ D2n let i be the smallest integer such that 2i − 1 and 2i
...1 have opposite signs,
...2 are not in adjacent positions, or
...3 are both at the last two positions with negative signs.

Let η(π) be the even-signed permutation obtained from π by swapping the
two letters 2i − 1 and 2i.

e.g. η(213̄5̄64̄) = 214̄5̄63̄, η(21̄3̄5̄64̄) = 12̄3̄5̄64̄, η(213̄4̄5̄6̄) = 213̄4̄6̄5̄

Fixed points F2n : letters 2i − 1 and 2i are adjacent and having the same sign,
and both π2n−1 and π2n are positive

ℓD(π) = ℓD(π
′)± 1

DesF(π1π2 · · ·π2n−1|π2n|) = DesF(π
′
1π

′
2 · · ·π′

2n−1|π′
2n|)
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. . . . . .

Proof Sketch for even case: Step 2

Define a bijective correspondence ϕ : F2n → D̂n as
...1 Each pair of adjacent entries of type ±(2j − 1),±2j in F2n is replaced by ±j;

...2 Each pair of adjacent entries of type ±2j,±(2j − 1) in F2n is replaced by ±ĵ;

...3 After the two steps, if the number of negatives of the resulting permutation is
odd, then change the sign of the last entry from positive to negative.

e.g. ϕ(π) = ϕ(215̄6̄8743) = 1̂3̄4̂ˆ̄2 = π′

(−1)ℓD(π) = (−1)|P(π
′)|

ddes(π) = ddes(π′) + 2|P(π′)|
dmaj(π) = 2dmaj(π′) +

∑
i∈P(π′)(4i − 2)
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...3 After the two steps, if the number of negatives of the resulting permutation is
odd, then change the sign of the last entry from positive to negative.

e.g. ϕ(π) = ϕ(215̄6̄8743) = 1̂3̄4̂ˆ̄2 = π′

(−1)ℓD(π) = (−1)|P(π
′)|

ddes(π) = ddes(π′) + 2|P(π′)|
dmaj(π) = 2dmaj(π′) +

∑
i∈P(π′)(4i − 2)

Yuan-Hsun Lo (NPTU) Signed Euler-Mahonians August 19, 2019 15 / 30



. . . . . .

Proof Sketch for even case: Step 3

∑
π∈D2n

(−1)ℓD tddes(π)qdmaj(π)

(Step 1) =
∑

π∈F2n

(−1)ℓD tddes(π)qdmaj(π)

(Step 2) =
∑

π′∈D̂n

(
(−1)|P(π

′)|t2|P(π′)|q
∑

i∈P(π′)(4i−2)
)

tddes(π′)q2dmaj(π′)

=
∑

π′∈Dn

 ∑
A⊆{1,2,...,n}

(−1)|A|t2|A|q
∑

i∈A(4i−2)

 tddes(π′)q2dmaj(π′)

=
n∏

i−1

(1 − t2q4i−2)
∑

π′∈Dn

tddes(π′)q2dmaj(π′).
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. . . . . .

Proof Sketch for odd case: Step 1

For π ∈ D2n+1 let i be the smallest integer such that 2i − 1 and 2i
...1 are not in adjacent positions,
...2 have opposite signs, and are not both at the last two positions, or
...3 are both at the last two positions and π2n < 0

Let ι(π) be the even-signed permutation obtained from π by swapping the
two letters 2i − 1 and 2i.

e.g. ι(587̄1̄2̄9634̄) = 687̄1̄2̄9534̄, ι(587̄1̄2̄963̄4) = 587̄1̄2̄964̄3,
ι(587̄1̄2̄963̄4̄) = 587̄1̄2̄964̄3̄

Fixed points F2n+1 :

Letters 2i − 1 and 2i are adjacent.

Letters 2i − 1 and 2i have the same sign if both of them are not at the last
two positions.

If 2i − 1 and 2i appear at the last two positions for some i, then π2n > 0.
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. . . . . .

Proof Sketch for odd case: Step 2

Define a bijective correspondence ϕ : F2n+1 → D̂n+1 as
...1 Each pair of adjacent entries of type ±(2j − 1),±2j in F2n+1 but not at the last

two positions is replaced by ±j;

...2 Each pair of adjacent entries of type ±2j,±(2j − 1) in F2n+1 but not at the last
two positions is replaced by ±ĵ;

...3 The pair of entries of type (2j − 1),±2j at the last two positions in F2n+1 is
replaced by ±j;

...4 The pair of entries of type 2j,±(2j − 1) at the last two positions in F2n+1 is
replaced by ±ĵ;

...5 The entry ±(2n + 1) in F2n+1 is replaced by ±(n + 1);

...6 After the above steps, if the number of negatives of the resulting permutation is
odd, then change the sign of the last entry.

e.g. ϕ(215̄6̄879̄43̄) = 1̂3̄4̂5̄2̂ ϕ(215̄6̄87439) = 1̂3̄4̂2̂5̄
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. . . . . .

Proof Sketch for odd case: Step 3

(−1)ℓD(π) = (−1)|P(π
′)| = (−1)|L(π

′)|

ddes(π) = ddes(π′) + 2|L(π′)|

∑
π∈F2n+1

(−1)ℓD tddes(π) =
∑

π′∈D̂n+1

(−1)|L(π
′)|tddes(π′)+2|L(π′)|

=
∑

π′∈Dn+1

∑
A∈[n]

(−1)|A|t2|A|

 tddes(π′) = (1 − t2)n
∑

π′∈Dn+1

tddes(π′)
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Extensions to Complex Reflection Groups G(r, 1, n)
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. . . . . .

G(r, 1, n) and length function ℓ

G(r, 1, n) := Zr ≀Sn: Wreath product
= colored permutation group on {1, 2, . . . , n} with r colors

e.g. 1 color, 6 letters: 5 6 3 1 4 2

4 colors, 6 letters: 5̄ ¯̄6 3̄ ¯̄̄1 4 ¯̄̄2

G(1, 1, n) = Sn; G(2, 1, n) = Bn.

G(r, 1, n) = ⟨s0, s1, . . . , sn−1⟩ where s0 := add one more bar on the first
letter.

ℓ(π) := the minimal number of generators needed to represent π

Yuan-Hsun Lo (NPTU) Signed Euler-Mahonians August 19, 2019 21 / 30



. . . . . .

G(r, 1, n) and length function ℓ

G(r, 1, n) := Zr ≀Sn: Wreath product
= colored permutation group on {1, 2, . . . , n} with r colors

e.g. 1 color, 6 letters: 5 6 3 1 4 2

4 colors, 6 letters: 5̄ ¯̄6 3̄ ¯̄̄1 4 ¯̄̄2

G(1, 1, n) = Sn; G(2, 1, n) = Bn.

G(r, 1, n) = ⟨s0, s1, . . . , sn−1⟩ where s0 := add one more bar on the first
letter.

ℓ(π) := the minimal number of generators needed to represent π

Yuan-Hsun Lo (NPTU) Signed Euler-Mahonians August 19, 2019 21 / 30



. . . . . .

Represent χ in terms of ℓ

.
Theorem (–, arXiv)
..

......

G(r, 1, n) has 2r 1-dim characters

χa,b(π) = (−1)a(ℓ(π)−
∑

zi)ωb
∑

zi ,

where ω = e2πi/r, a = 0, 1 and b = 0, 1, . . . , r − 1.

For r = 2, ℓ = ℓB, ω = −1 and the four 1-dim characters are

χ0,0 = (−1)0(−1)0 = 1,

χ0,1 = (−1)0(−1)
∑

zi = (−1)neg(π),

χ1,0 = (−1)ℓ(π)−
∑

zi(−1)0 = · · · = (−1)inv(|π|),

χ1,1 = (−1)ℓ(π)−
∑

zi(−1)
∑

zi = (−1)ℓB .
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. . . . . .

Flag descent and major G(r, 1, n)

DesF(π) := {i : πi > πi+1} w.r.t.

1[r−1] < · · · < n[r−1] < · · · < 1̄ < · · · < n̄ < 1 < · · · < n

fdes(π) := r · |DesF(π)|+ z1

fmaj(π) := r ·
∑

i∈DesF(π)
+col(π)

I DesF(
¯̄451̄3̄2̄¯̄̄6) = {2, 4, 5}

I fdes(¯̄451̄3̄2̄¯̄̄6) = 3 · 3 + 2 = 9

I fmaj(¯̄451̄3̄2̄¯̄̄6) = 3 · 11 + 8 = 41

R.M. Adin, Y. Roichman, The flag major index and group actions on polynomial rings, European J.
Combin. 22 (2001) 431–446.
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. . . . . .

Main result 3
.
Theorem (–, preprints)
..

......

For b = 0, 1, · · · , r − 1, we have∑
π∈G(r,1,2n)

χ1,b(π)tfdes(π)qfmaj(π)

=

n∏
i=1

(
1 − trqr(2i−1)

) ∑
π∈G(r,1,n)

tfdes(π)(ωbq)2fmaj(π),

and ∑
π∈G(r,1,n)

χ0,b(π)tfdes(π)qfmaj(π) =
∑

π∈G(r,1,n)

tfdes(π)(ωbq)fmaj(π).

.

......The case G(r, 1, 2n + 1) with χ1,b for any b is missing!
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. . . . . .

Concluding Remarks
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. . . . . .

Signed Euler-Mahonian identities

Generalize the following two identities.

.
Theorem (Wachs, 1992)
..

......

∑
π∈S2n

(−1)inv(π)tdes(π)qmaj(π) =

n∏
i=1

(1 − tq2i−1)
∑
π∈Sn

tdes(π)q2maj(π)

.
Theorem (Désarménien-Foata, 1992)
..

......

∑
π∈S2n+1

(−1)inv(π)tdes(π) = (1 − t)n
∑

π∈Sn+1

tdes(π)
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. . . . . .

Signed Euler-Mahonian identities

.
Theorem (Wachs, 1992)
..

......

∑
π∈S2n

(−1)inv(π)tdes(π)qmaj(π) =
n∏

i=1

(1 − tq2i−1)
∑
π∈Sn

tdes(π)q2maj(π)

∑
π∈W

χ(π)tstat1qstat2 = · · ·

W = B2n: (stat1, stat2) = (fdes, fmaj)
W = D2n: (stat1, stat2) = (ddes,dmaj)
W = G(r, 1, 2n): (stat1, stat2) = (fdes, fmaj)
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. . . . . .

Signed Eulerian identities

.
Theorem (Désarménien-Foata, 1992)
..

......

∑
π∈S2n+1

(−1)inv(π)tdes(π) = (1 − t)n
∑

π∈Sn+1

tdes(π)

∑
π∈W

χ(π)tstat1qstat2 = · · ·

W = B2n+1: (stat1, stat2) = (fdes, fmaj)
W = D2n+1: (stat1, stat2) = (ddes,dmaj)
W = G(r, 1, 2n + 1): ???
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. . . . . .

More Future works

Let G(r, p, n) denote the complex reflection group with parameters r, p, n,
where p|r.

G(1, 1, n) = Sn, the Coxeter group of type An−1

G(2, 1, n) = Bn, the Coxeter group of type Bn

G(2, 2, n) = Dn, the Coxeter group of type Dn

G(r, 1, n) = Cr ≀Sn, the Wreath product of Cr with Sn

.
Question.
..
......Is it possible to extend to G(r, p, n)?
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Thank you for your attention
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