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* Correlation
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(i) Several correlation type: (see below for bivariate-normal case).
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Regression Model
- Simple Linear Regression (Model)
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Estimation

« Model and Data
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Least Squares (LS) Method
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Residual and Residual plot: predicted Y vs. residual (¥)
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[**: This can be easily justified through ‘matrix algebra’ and

calculations, and is left as a homework.]

Example:
Model: model 1n_x51=inditrsf ind2trsf ind_age x16 ind_op
ind_ISS ind_GCSM ind_RTS/include=2 selection=b;
R-square=0.35.6

13

:3 ++ + + + 4+ H+ +++ + + +
& +4+ + AR+
i + T S e e e R +
c -+ 4+ -+ HH+ - A + =+
t + + B e e e e
DF Sum of Squares Mean Square F  Prob)F
Regression 5 203.62886430 40, 72577286 60.08 0.0001
Error 043 368.08013585 0.67786397
Total L48 L71.70900015
Parameter Standard Type |1
Variable Estimate Error Sum of Sguares F  Prob>F
INTERCEP 10.61327698 0.08701823 10083.72635057 14875.7  0.0001
IND1TRSF 0.13118413 0.08299391 1.69360722 2.50 0.1145
IND2TRSF 0.55302609 0.09147250 24.77722443 36.55  0.0001
IND_OP 1.03361976 0.07889542 116. 34844882 171.64  0.0001
IND_1S5 0.24761664 0.07766036 6.89133643 10,17 0.0015
IND_RTS 0.39342036 0.07527863 18.51453307 27.31  0.0001



The estimation of o° (%)
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Standard error (3)
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F 2. Appendix 1.



Appendix 1 of Regression ()

It can beshown by standard argument that, for a 2ample size ® (not necezarily to be large),

I=BE oy,

[Var(@)

provided the demign matrix & 'regular’ (epread out very uniformbr!). Becauss §f = Xf;', and
BE(f) = XE(E); # = (X'X)'X'Y Ef = (XX)'XE(Y) = (X'X) X% = § 5o,
E(ff) = ¥ = Ey. The previous expression iz squivalent to

_I-B) e, 1).

T War(X @)L
It should be noted that, for calculating the variance at the denominator, & must be replaced
by X, = l:llzp)" because the prediction i» implemented on the value of z,. Moreover,
VarI:XI{'}:I = XVE[{IS')Xr. So, for the value of &£ = 2, we need to calculate (1, IP:IVEIfIQ:II:IIEP:Ir =
1,2, (XX, &), due to Var(@) = (X' X)) 102

PFrom a previous context,

- 1 Tl -
Xl'X 1 — i £ ]
( ) an?—(Zm;jﬂ(—Zm‘- n
So we have
et — Jg, v 4 nel
1z (X' X)L, g} = L z
Ii 1 P:”i ) Ii 1 ?:I nzm?_(zmijg
— — 1 ICEP - I:lg
B T n (-2
I left the part "..." a2 an exercize for the reader. Becazue o zhould be aubztituted by itz con-

aitent emtimator & = dy g | the 2ampling ditribution = no longer Gauzsian, but f-distribution

onn— 2 degree of freedom.



Example of SAS Code

=Idata lbw;

=lproc print;

rumn;

infile 'd:%class'biostat under 20045343 lab' lab08 infant.dat':
input headcirc length gestage birthwt momage toXxemiar

= proc reg graphics:
model headcocirc=gestage/cli;
plot headcirc*gestage/confas predlds;
rumn;

proc reg graphics:

model length=gestage/cli:

rum;

plot length¥gestageconf95 pred9s:

headoire = 391438 40,7801 gestage
35,01

32,51

.
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Rsq
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0.60585
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7.5
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25.07
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20,07
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22 24 26 2% 30 32 34 14
zestaze
Plat T+ ¥ headoirckzestaze — PRED#zestaze
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Correlation: the bivariate normal distribution (3)

XY & 3 %#rip bl 55 B 7 11 * correlation coefficient ( 4p B % #c)
k47 0 RABEXR X YE jointlynormal (F5 & ¥ f6 4 % )e P FH
E- XB kG VIOEFEAG AL ARE- Yid X4

C
- ) Y 2 2
LFEAG > P RRE RSN L Oy ~ 0 o

Formulae: Bivariate Normal Distribution

) . _ (X=X, =, (X, = 0 X, =1ty ] [

X.X,|= 1. —eXp i — I ‘ ! _‘]" g2 2 _2p! ! A2 2/
' 2/ 2mo,0,1-p? 2(1-p? { o’ o2 G0, ‘

Formulae: Multivariate Normal Distribution

e  Thereisavector # = [rul-‘ T ruN] and a symmetric, positive semi-definite

covariance matrix - (4'“""" X N matrix) such that X has density

1 1 .
fx(z1,...,2n5) = exp (—E(I—MTE_HI—#?)

(2m)N/2 |52

T‘
where |—‘| 18 the determinant of > . Note how the equation above reduces to that of the
univariate normal distribution if X is a scalar (i.e., a real number). The vector ¢ in these
conditions is the expected value of X and the matrix ¥ = AA” is the covariance matrix of

the components X.

Figures: Bivariate Normal Distribution, p=0, 0.3, 0.6, 0.9.




Pearson’s correlation coefficient

TE
Cov(X,Y)
\/ VarX - \/ VarY

Pxy =

Note: If the data is not ranked data instead of continuously
distributed, the Spearman’s rank correlation is used.
Definition of the rank correlation has the same
mathematical form, but with original X and Y replaced by

ranks.



Y=8+BX+s,  ex~Ec=0
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S (X, -X) In

> (X, = X)(Y, =) /n S -7 In

R IS0 - e (S -
.5,
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Oy

[Note that R? = (,5Xy)2 in simple regression !1]



Multiple Regression ( % % #ct &) ()

Model
Y =5+ BX, "‘ﬂzXzi‘F""“:Bpoi"'é} , & ~N(Q, 0'2)’ 1=12--4n

‘Xl’ ‘XZ’° " ‘Xp » B kY & i &% (outcome) H- fiR
e - g ¥ (investigator) & &7 il ¥ o b 7 iR R

outcome Y f#§F % #c Xs o

BB ER DX §REBIEET T L (biased) |



Estimation : Least Square (LS) Method

£ L:Z(Yi_ﬂo_ﬂlei_lngzi_"'_ﬂpoi)z
i=1

ﬁ'ﬁ al’/aIB]:O, ]:O,]-,Z,,p » 18 ,Bo, ,811”'1 ﬂp1

Testing

~

(i) B SEz
Hy:p,=0 (or B,=p,) vs.
H,:p, 20 (or B, # )

5 o
ﬂj ~ 1 (- ,Bjo = 0)

n—(p+1)

(i) #5358 ¥ 124k < (F-test) :
Hojﬁlzﬂzz...:ﬂpzo V..

H,:p,#0, jfor some j

B - fﬁ.?fug¢§Eq(KX)~F s =L,

a=p
d.f.
f{bzn—p—l



Diagnostics

— B4 5% (diagnostic) = A Ei ¥, st € sucn B

('scatter plot) :

Lk

Vo= B+ BX, + BXy 4+ X,
". o C’r.:K._};I-

Yo% a om B ﬁff B2k (Equal variance, normality, -+ ) 5 & Fgei s
P Y, 5% e, 5 uncorrelated - B ¥ scatter plot &2 § A& pattern (I
2% random) o & 2 F R MK A pattern (4t B 0 &5 ) £ 5T F
£ & v information #F 7 0 NS EIETE F L A RESEI N



R? ; multiple correlation coefficient

RZEZ(}%_Y)Z
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v F 142 2
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Confounding * + # (%)
¥ tue model £ EY=Ly+ X +BXy +-+B,X, & iniritin
T BEERE (ArXy) o BlIRK-¢ fit 4o 22 model :
EY =b,+b X, +b,X, +---+bp_1Xp_1
pepE s R Ienm Y (LSE) b ; #¢ & _biased e
Eb, # B, « s insst bias e | 5

p, - ED,

@ Mean Square Error (MSE) = bias® + variance

=(,6’j—El;j)2+Var (bAJ) ()

G X A B E R R e A AP R R Rk
T3+ €7 bias A4 - (Q:4-Pi=R ?2)
% bias & a}\‘.ifﬂ;ﬁg'_xp{(xl ...... Xp-l).éi’YLFﬁé i B

EFF o Xp— TR EFHFY > g+ 3f (iet # 4 bias)



(%)
MSE = E{b, - §,)?|
E{b, - Eb, + Eb, - §.)?

E{b, - Eb )? +2(b, - Eb )\Eb, - B,)+ (Eb, - )|

v J y
(1) (2) 3
=E{(D+(2)+3)

=Vap)+K Q)+A Q). » E((3))=0

X

E((Q)=2Eb)-p)-Bb,~Eb)=0 (. E(b,~Eb)=0)

= Var(l;j) + (bias)?



4 $%4p B > partial correlation (¥)

4o% B i e model &_
EY=4/+pX+0X,+ +[X,

e p=2+ @ g fit EY=00+5X) 0 jag iz 9t4p 5 5 model

(23 Xyt Y 32884 )>3+5 4 Y & X; 2 correlation coefficient

o

Py, x, cix® Py x, 29+ & biased > FU L AFPE D

Y8 X 2 B oo 4o > IRE A “4rd]F 37 (control the
confounding ) - & £ 3|47 4]+ 3§ :

() e TR
Y =fy+ Xy + Xy -+ X, &
(i) % correlation E?FEE.Q‘L'OY,XﬂXz,'“,Xp .
;”*B?i',Bl ?’r’Xz""’ prﬂf’iﬁ%’Xl - BE > Y 2 mean i
MRE @ pYaX:I_'XZ’""Xp 2 Xy Xp Hrpo Xpe Y

2_ correlation » = @ partial correlation (coefficient ) o

-~
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*  regression £ 2 data 2. mean 2+ (%)

fa
Y = Xy X, = 0
_ X 0
Y2 - 12 Gl"OLlp 1 X 2 = Group 1
_ X 0
Y = 1ny —_ X =
" =A+A] -
n1+l = X21 X nq +1 = 1
w2 = Xa Group 2 ez =1 Group 2
Yrbl+n2 = inz X nitn, 1

Wrtwe n(=n+tny B data ();‘Xl)""1(le1')(;&)’(le+11)(;11+1)"'();’)(n)

# simple linear regression »  Ho: 1 =0 vs. H,:fp #0

TR T o Ak ,81 io%{fp'fﬁ:@&i mean 3 £ %

] - ® &

pree

0 Chl7L) Craay

(X~

wr Pr=0 271555 042 mean 23 £8 -



* regression {t one-way ANOVA (= two-way *t ? ) (%)
Bikg 3m 4
Xy yoeeee X1 ~ N(u,,0%)

<X21’ ...... ’inz ~N(,L12,62)
\X31’ ...... ’X3n3 ~ N(,u3,0-2)

£
Yl = Xll Xll - O X21 - O
Y, = X1 X1, =0 Xz =0
Y = 1ny X 1ny = O X2”1 = O
m
Ynl+l = Xy X1~"1+1 =1 XZ'”i*l =0
Ynl+2 = Xy _ n Xl,n1+2 =1 +ﬂ XZ,nl+2 =0
=po+ Py . )
= X _ _
m+ny 2n, Lm+n, — 1 2m+ny T 0
m+ny+1 = X _ —
81 L +ny+1 0 2,n+n,+1 =1
m+ny+ig X3n3
Xl,n1+n2+n3 =0 XZ,n1+n2+n3 =1

jSe
=
I
RS
I
IS
I

Ho':ﬂlzﬂzzo




Dummy Variable Technique
A i B R LA - g P g R

dummy variable (&% #c) o

5 1w 4% baseline (Aw)> F1 &4 hlq L%

»
N~

N fﬁ¥

S lwmAzpiia; By fipis3esy 1e

>~
T

2' %g f% o

2N

SAS-example for coding dummy variables:

“'data transf;
infile 'd:\Dr ChenRayJhtransferiworkl230.csv' dlr="," missover;
input id § name § sex age ind age lag § ind lag § ind2 lag $§
x9 x10 § =1ll-x21 GCSHM ind GC3M ind RTS x25-x36 I35 X35 surv x40-x51 transfer:
if sex="." then delete;
xx=x9-transfer; /% to check whether or not x9=x52 */
ind trsf=itransfer=1); /% indicator wvariable for direct/indirect transfer */
indltrsf=(transfer=2);: /* dunmy variable 1 for transfer */
indZtraf= (transfer=3); /* durmy wvariable Z for transfer */
In x51=log(x51);
RTS=0.93678% [ (x1323) +(®13>0) +(x13>8) + (x13>12) ) +
0.7326% ( (x16>0) +(x16>49) +(x16>75) + (x16>89) ) +
0.2908% [ (x1950) 4+ (X195 +(x1959) + (x19>297 ) ;
ind ISS5=(I55»=25);
ind age= (age>=40]) ;
ind op=(x41>=1);
= data temp; set transf;/* keep id nawme sex age iss ind iss surv:*/
= proc sort; by surv ind I33 iss:
='proc print; run;

t [ |

' mn N n i
a d d d | i
mn _ 1 2 n d nm
= t + t _ _ d
e T [l o o e F I _
[} e X = s = 5 T = oo
1 r o= f ¥ f 1 = = E
27364 1 0 1 0o 0 10,2170 F.54332 0 0
11462 1 0 1 0O 10 a_.3468 F_54332 0 0
114158 1 0 1 o0 0 11.64583 7F_54332 0 1
44125 3 0 0 0o 1 1o.s348 F_.54332 0 0O
12024 1 0 1 0 10 a.3a585 F.54332 0 0
151345 1 0 1 o 0o 1149273 7F_54332 0 1
425123 1 0 1 0 0O 12089232 4_732362 0 1
165630 1 0 1 0O 0 a.6563 7_54332 0 0O
E1153 1 o 1 0o o 110211 7.543932 0 1
EZ23232 1 0 1 o0 11.1321 5.EBEFESE O 0O
1108z2 2 o o0 1 0 116166 F_543322 0 1
204101 2 o0 0 1 0 12224 4_73365 0 1
3495940 2 0 0 1 0 1365239 4_80336 0 1



Interaction (2 3 iT% ) (%)

Model (2-variable)

EY:ﬂ0+ﬂle+ﬂ2X2+ﬂ12Xl'X2
¥ B0 > v X1 X,2 B4 interaction o

Slope dummy

BrXortamrn: X 2 = {f
Aly Xo=00pF
E(Y| X, =0)=4,+£X,+0+0
¥ X=1
EY|X, =D =/ +BX+5+BX
A () aXo=0ps X, ew- pEe= EY=w B

(i) 2 Xo=1p  X;e- ¥ EBEY % b+ P,

Interaction 2. 3, %

X1k Xop > 24 Y a5 “mRi” 2k |



A two-variable example

%% Table 11.2.2 & Table 11.2.3 (z%* ) » % fitted model 2

. =6.21+103X, +413X,, +227X, —0.703X, - X, —0.51QX, - X,

* % - % computer output % _figure 11.2.5 (k4 ) R :

(i) rmdfpit X, 0 effect (X;=age) ?
(i) +4cfedy it X treatment 7 effect ?

(ili) Age ¥ treatment E_F 3 interaction ?



