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Examples of ‘event’p

車禍 保險費率 車禍 (保險費率) accident
 離婚 divorce離婚

 破產 bankrupt
燈泡 門鎖 主機板 壞掉 (元件壽命) f il 燈泡、門鎖、主機板…壞掉 (元件壽命) failure

 病人(癌症、器官移植)死亡 death( )
 疾病復發 relapse

(住院)出院 discharge (住院)出院 discharge
 ……



several core functions

 hazard rate (mortality) [λ(t)]

 cumulative hazard
 survival function P(T>t)=1-F(T≦t)



Kaplan-Meier survival estimate:p
nonparametric



Parametric approachpp

 Weibull
 log-normalg
 Pareto

l l i ti log-logistic
 Gompertzp
 ….and many others

MLE



Types of censoring (設限型態）yp g ( ）

 right censoring, random censoring

T* C

T*C

Data: T=min(T*,C), 1(T*<=C)=Δ



 left censoring left censoring
 interval censoring
 type I censoring ; type II censoring
 left truncation
 HBeAg HCC patients: data



Examples of parametric p p
estimate: Weibull





Likelihood subject to j
right censoring

Lik= Π {f(Ti)Sc(Ti)} Δi {S(Ti)gc(Ti)} 1-Δi
i c i i c i

MLE

C t i i f ti f th

MLE

Contain information of the 
parameters of the survival time 

distribution



Two-sample comparison p p
(non-parametric): urn model
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Forming a sequence of g q
2 by 2 tables



 If the event occurred is ‘blue’ If the event occurred is blue
the coding Di=1, otherwise Di=0;

 there are Ni blue and Mi orange at time ti - ;
 there are one event (blue or orange ) at ti ; ( g ) i ;
 T=Σi(Di-E[Di]);  E(Di)= Ni/(Ni+Mi)

Σ ( b d t d)=Σi (observed-expected)
 Log-rank statistic=T/√[VarT]



Contributions from the first and 
subsequent observations

 E(a1)=1*n1/N  ;  
Var(a1)=1*(N-1)n1n0/N2(N-1)Var(a1) 1 (N 1)n1n0/N (N 1)
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Under H0, the LR statistic ~ 2
1

Log-rank test statistic



which alignment is possible?g p



 data history
 filtration: increasing sigma algebrag g g
 martingale structure and CLT



Weighted log rank statisticg g
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Fleming and Harrington (1997, Chapter7) 



Proportional hazards (PH) model:p ( )
Cox 1972, JRSS-B

 λZ(t)= λ0(t)exp[β1Z1+β2Z2+…+βpZp]Z( ) 0( ) p[β1 1 β2 2 βp p]
 Z=(Z1,Z2,…,Zp)

R l i i k (RR) b i di id l i ( i h Relative risk (RR) between an individual i (with 
Zi =(Z1i,Z2i,…,Zpi)) and the baseline (referent 
group):
RR(t)= λZi(t)/λ0(t)( ) Zi( ) 0( )

= exp[β1Z1 i +β2Z2 i +…+βpZp i]



Illustrating PH: λ(t) and Λ(t)g ( ) ( )



RR between individuals i and j, with j,
covariates Zi and Zj respectively:

(1) RR(t)= λZi(t)/λZj(t)( ) ( ) Zi( ) Zj( )
= exp[β1(Z1 i –Z1 j)+…+βp(Zp i –Zp j)]

(2) If Zi =(Z1i, Z2,…,Zp) and Zj =(Z1j, Z2,…,Zp):( ) i ( 1i 2 p) j ( 1j 2 p)
RR(t)= λZi(t)/λZj(t)= exp[β1(Z1 i –Z1 j)]
The effect of Z on the hazard (or incidence) ofThe effect of Z1 on the hazard (or incidence) of 
an event, adjusted for confounding variables. 



 Under the PH model, log-rank test can be viewed 
as a score test for H0: β1=0 ; if your two-sample 
problem is represented by coding Z1=1,0.

 Log-rank test is most powerful if the alternative Log rank test is most powerful if the alternative 
is the PH-class of models
Th i t b ti d d t The covariates can be time-dependent



Partial likelihood inference

 partial likelihood: (Cox, 1975, Biometrika)
plik=Πti{λi/Σj Yj(ti)λj}, wherep ti{ i j j( i) j},
λi =λZi(Ti) =λ0(Ti)exp[βTZ]
l ( lik) l(β) log(plik) = pl(β)

 partial score equation: (for β)p q ( β)
∂ pl(β)/∂β=0, β=(β1,β2,…,βp)T



Breslow estimator for 
the baseline cumulative hazard

 Breslow, 1972, JRSS-B



validation of the PH model 

 diagnostic plots
 local tests (for specific parameters)( p p )
 omnibus goodness-of-fit (GOF) tests



specification tests (1): p ( )
two-sample PH test

 Gill and Schumacher (1987, Biometrika)( , )





specification tests (2):p ( )
Cox regression

 Lin (JASA, 1991)



time-dependent covariatesp

 λZ(t)= λ0(t)exp[βTZ(t) ]
 Z(t)=(Z1(t),Z2(t),…,Zp(t) )( ) ( 1( ), 2( ), , p( ) )
 partial likelihood: 

lik Π {λ /Σ Y ( )λ } hplik=Πti{λi/Σj Yj(ti)λj}, where
λi =λZi(Ti) =λ0(Ti)exp[βTZ(t)]i Zi( i) 0( i) p β ( )



time-varying coefficientsy g

 λZ(t)= λ0(t)exp[β(t)TZ(t) ]



alternatives to the PH model

 AFT: accelerated failure time model
 Prentice and Kalbfleisch (1979, Biometrika)( , )



 additive risk model additive risk model 
 Lin and Ying, 1994, Biometrika



 heteroscedastic hazards regression model 
 Hsieh (2001, JRSS-B)





 proportional odds model
 Murphy and Rossini (1997 JASA) Murphy and Rossini (1997, JASA) 



 frailty model
V l (1979) H d (1986 Bi t ik ) Vaupel (1979), Hougaard (1986, Biometrika)



discussions

 many other models useful for specific problems
 clinical trial applications: e.g., group sequential pp g , g p q

tests for treatment effect
 competing risk analysis competing risk analysis
 mMultivariate survival analysis
 demographic data analysis


