7.1

Chapter 7 Finite difference methods for PDE

8§7.0 Preliminaries_:
® Theorem 7.1 : (Gerschgoren’s Theorem)

Let A bean n x n matrix. Foreach j=1,---, n,let

C; = {/

Then all the eigenvalues of A are in U C.
j=1
Proof : Let Az = Az where = = (21, ---, n),and |z;| > |z;| forall £ =1,---, n. Then

|z = Ayl < X0 [Ajl } :
ey

Z Apxy = ey = (Aj; — Nz = Z Ajrwy,
k=1 ey

= |Aj; = M il < D0 1Al ] < Jajl D 1A
kj kj
= |Aj; — | < Z |Ajk|  since |xj| #0
oy
= A e,
Problem 87 : Show thatif &/  is a connected component of U C'; consisting of exactly in m
3

circles, then &/ contains exactly m eigenvalues.

@ Review on matrix norms and linear algebra

1<i<n

i 1,"]‘”
Definition 7.2 : If = = (2y, --- , x,,) € C", define ||z||, = (Z |-""7:'|P) and ||z]|. = max |z;|.

(4

Exercise 88 : |z[/w = lim ||z, -
p—roo

Property 7.3: ||z||, is a norm. i.e.
@) ||z||, = 0 and ||z||, = O ifand only if = = 0.
®) |2z, = |A] || =], forall A€ R or C.

© [lz+yll, = llzll, + llyll,

Property 7.4 : Any norm is Lipshitz continuous. More precisely, | ||z|| — [[y||| < ||z — y]|
Proof : [|z[ = [ly + (z = w) | < llyll + [l =yl = ll=ll = llvll < |z =yl

Similarly, [[y[| — [lz[| < |lz =yl .

Hence, ||| - [lyll| < [l - y]
Definition 7.5 : et A bea n x n complex matrix, define an operator norm for A by
|Az||,
|A||, = sup — L= sup Ay,
a0 [[@llp =




Property 7.6 : || Al|, is a norm (an operator norm), for 1 < p < oco. i.e.
(@) [|A|l, =0 and ||A||, =0 if and only if A = 0.

(b) A, = |A [|A]l,. for AeC.

© |IA+ B, <|All,+||B|l, forany2 n x n matrice A, B..

Thus, [|Az|[, < ||A|l, ||lz]|, , for 1 <p < 0.

Exercise 90 Let F = { K | [ Ayl, < K|yll,} . Then [A], = inf K.

Property 7.7 : ||AB||, < ||All, ||B||, forall n x n matrices A, B .

Proof : ||AByl|, = [[A(By)ll, < [|All, 1 Byll, < [[AlllIBllpllyll-

[AByl[,
sup “——— < [|A[l, [ Bl
=1 [yl
Property 7.8 :
(Il.ll o -« .-
0 . -0 .
(@ If D=|" = diag(d, , --- , d,) then ||D||, = max|d;|.
: .0 ‘
[] (IN

(b) ||Al; = mf_l.xz | Ayl
J

©) |lAl|~= 111;1){2 | A
k

How about ||Al|> ?

Definition 7.9 :Let A bea n x n matrix. Set
o(A) = the set of eigenvalues of A

and

p(A) = max |)]|.

Aeo(A)
Property 7.10 : ||A]|, > p(A) forall p € [1,00].
Proof : If Az = Az and ||z|, =1 then |\| = ||Az]|, < ||A]|,-
p(A) < [|A[], -

Property 7.11 : If A isnormal (i.e. AA* = A*A )then ||A|> = p(A).
In any case, ||All» = p(A*A)2 < ||A*A|Y? < || A*||s [|A]]..

Exercise 91 : Find sharp constants ; and C5, depending on n such that
C1|z)|ee < ||2]|2 < Col|2]
Definition 7.12 : The 0, O notations: ¢ € [—o0, 0]

(@) f(z)=o(g(z)) as = —c¢ if ]Illgl iéj;

=0,

7.2

(b) f(x)=0(g(z)) as o — ¢ if 3 aconstant K such that |f(x)| < K g(z), forall = near c.

(note that here ¢ can be replaced by ¢* )



7.3
Theorem 7.12.A : Taylor’s formula with Remainder

Let [ be a function whose (n + 1)st derivative f{"*1)(x) exists for each = in an open interval |

containing a. Then, for each = in I,

f@) = fla)+ fa) (@ — 1)+ Lr(@ —a)® - + L (z — a)" + Ra(x)
where the remainder (or error ) R, (z) is given by the formula
f(u-i—l)((.:)
R,(z) = —2 (2 —a)""!
(z) CE] (r —a)

and ¢ is some point between x and a.

Theorem 7.12.B : Taylor’s Theorem

Let f be a function with derivatives of all orders in some interval (a — r,a + r). The Taylor series

a R (") (q
flz)= fla)+ f'(a)(z — 1) + / 2(] ) (x—a)”--- + LA )(:;: —a)"+ .-

n!

represents the function f on the interval (¢ —r,a + r) if and only if

lim R,(z) =0

n—roo

where the remainder (or error ) R, (z) is given by the formula
[ (e)
(n+1)!
and c is some point in the interval (a — r,a + 7).

Theorem 7.12.C :  Property on operator normed

R.(z) =

(.'E _ ”I)J'J—F]

Let (X,|| - ||) be a complete normed space (Banach space: every Cauchy sequence is convergent.)
and 7 : X — X an operator with the operator norm ||7'||, < 1. Define 7° = I, T?(z) = T(T(z))
and T"(z) = T“‘l(-' ). Then

(@) S(r)= lim ZT* r) is well-defined with |||, = (1 —[|T],) "
k=0
(by I—T is invertible

() (I-— ZT* n).

k=0

@ (=), =@=|7],)""



