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Mixtures of factor analyzers (MFA) based on the restricted skew normal distribution (rMSN) has been & plike the rMSN distribution, the uMSN

(ECM) algorithm for computing the maximum likelihood estimates of model parameters. Practical
aspects related to model-based clustering, prediction of factor scores and missing values are also
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shown to be a erX|bIe. togl fqr mpdellng.a.\s.ymmetrlcal hlgh.-c!lmens.l.onal data with he.terogenelty. distribution is able to capture skewness rMSN vs. uMSN
However, the rMSN distribution is oft-criticized a lack of sufficient ability to accommodating skewness _ H i _ m
arising from more than one feature space. This thesis presents an alternative extension of MFA by as- [C?m_ TS UEN @Ine ElIEBie | 0 e T :
suming the unrestricted skew normal (UMSN) distribution for the component factors. In particular, the Aim: propose a skew extension of MFA o 3 o
proposed mixtures of uMSN factor analyzers (MuSNFA) can simultaneously accommodate multiple based on the uMSN distribution and al- , | o % ,
directions of skewness and the occurrence of missing values or nonresponses. pnder the mi§sing at lows the handling of missing values. N N
random mechanism, we develop a computationally feasible expectation conditional maximization - y 3 .
o 5 °

discussed. The utility of the proposed methodology is illustrated with the analysis of simulated data and "% % = o ©_ 4 =8 “F 4 2 @ : a &
an application to the Pima Indian women diabetes data containing genuine missing values.
» MuSNFA model » Simulation
Y, = w; + B;U;; + &, with probability =; (i =1,...,9) A simul_ation s_tudy IS undertaken to examine the performance pf the propgsed MuSNFA model In
_1/2 1 a—-1/2 comparison with the MFA and MrSNFA approaches under varying proportions of synthetic
Uij ~ uSNg (_CAi Ailg, A; 4, Ai) ~Np(0,D;), Uy; L g missing values.
where A; be a q*q skewness parameter matrix, and A; = I, + (1 — ¢2)AAT with c= /72/71. (5100 Monte Carlo samples are created from the 3-component MFA model with p=5 and g=2

factors, while the latent factors are independently generated from the chi-square distribution with

F - i (1p° ((p — p°
[ntroduce two permutation matrices 0, (p, % p) and M; ((p pj) X p) such that one degree of freedom y# for yielding strong effects of skewness and kurtosis.

Y; =0; Y] + M;Y]". The hierarchical representation of MuSNFA is 5 MuSNFA model outperforms the other two competing approaches in almost all trials.
Y °|(Z;; =1) ~ CFUSNp]O,q(ul] — cafily, X, af) The MFA model has the worst performance due to a lack of sufficient robustness against serious

departure of normality assumption.
Li~M(1; mq, .., Ty),
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. . . . . | ; | LEERY ML= 514 |-"i:+.-'|f: EOSH 33  EE2RES -."..-H';‘.i!i-. dhd ot Ly ii-:E.HH. T2 i!i.I o
a;= BA, 1/2 A; ,and Z; is a set of binary allocation indicators. MG P ¢ 0w 0 B 0 ¢ % 0 ¢
_ _ i ) v Mean 4002.15 4864.01  4834.12 0246.50 011250  9022.03 18265.53 17044.62 17717.26
ey The Component pdf of on | (Zij — 1) 1S given by g || : ICL  Freg 6 11 83 0 6 94 0 2 08
“7 f-;‘ ﬁ“:u ) hean (1.834 (542 (.87 (.834 (1.558 L. =i (1.832 (.873 0.911
_1 7 I e 17 Qe i Ei 3} e % 5 BT
0, . . q 0. o o 00 9-0 _O . 9_ 9. . OT 00— -1 o 4 r=10% CCR Freq 25 19 56 12 25 G B a BT
(p(Yi ) Ol) R 2 (I)plo (Yi ) l'l'ii Caiil ﬂ ) X CI)q(a ﬂl] (Y] I'll] + Calllq) I (x Q (xl] & Mean (.623 {1634 620 0617 (1.G46 [.710 LGLT (.G75 (.75a
V3 ARI  Freq 23 17 60 12 24 64 8 3 &)
where Q;’i°=0]- -Q-lOIT with ﬂi — Zi+aia;r Ill Mean LI84 1130 1112 LI83 1151 L1130 1142 1097 1.066
o . n N S O WL U
[@ For ease Of eStImatlon’ We reparametrlze ' e "-[[1:: 35.‘-“.-:-[: .Snil'i.:‘]':--[lj .5(3‘.].1-.;:;; 1'2-.“?].-11.": .'l-ﬂ-L.ilJ.; .'Jl-ﬂ.:;: HIHLI: l-'i!l!h.lJ: 1-5‘.1.1-:'-.'1':-
B B A and U A / U d V4 Mean 307224 3IBR2.2]  I8TLGE TTAT.61  TH52.67  THLIS. 12 1531247 L14802.26 14750.88
P — l] = g . 0L Freg il 24 76 0 20 &) 1] i 03
o | i i o . . . N e .
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It follows that Y] = W + BlUl] + gij ) where Ul] ~ USNq (—CAllq, | A ) L F=30% CCR  Freq 49 16 35 o 5 61 28 12 6
] V5 hean (1.475 .439 0473 (1.508 1451 (1.523 (1.526 (1486 0.563
= Let O = {mry, ..., Tg—1 04..,0 g} represent all the unknown parameters of the mixture model, i i ||, ARL Freq 47 16 3 3% 5 & 25 1l
0 f : |  Mean 1520 1485 1.457  1.432 1393 1.379 1419  1.353 1.335
Where Hi — (Mi' Bi' Di' Al) _ ———— O ———— MSE  Freq 16 20 55 15 2% 59 l 28 71
The complete data likelihood function of O given Y. = (v°,y™U,y,2) is > lea Indians Dlabetes Data Set (PIMA data)
zi] > There are (p=8) attributes measured on 500 Number of missing items
o — 0 Patients  NA- NA- NA-
L.(O 1Y) = ﬂf(y] [ SO = 1_“_[{”190(3'1 [ 6:); non-diabetes and 278 diabetes female patients. o 1 2z 3 4 5 mtiowt  var  ohe
j=1 1= - “ iy 262 95 124 13 6 0 500 238 5 406
~, = 00 Zjj [@We consider the flttmg of 2-Component MFA, Non-diabeles 55 40) (19.00) (24.80) (2.60) (120) (0.00) (65.10) (30.99) (62.5) (10.15)
ﬂ ﬂ{ﬂl%] (76 + BTy DY )by (Uit + A 1)) MISNFA and MUSNFA models to this dataset s 0 0 02 00 b ol e oy e oo
j=1 i= Wwith g ranging from 1-4. o 392 142 199 28 7 0 768 376 8 632
> PI"O OSItI O n . [@ h f d d b h h ’ (51.04) (1849} (2591 (3.65) (091) (000y (100y (45896) (100) (10.61)
p . The tactor scores pre Icte y the three The percentages (%) are listed in parentheses ( numbers/n for patient-wise;
: - . " 5 PP ik bers/p f iable-wise: numbers/(np) for ob tion-wi
For notational simplicity, the symbol “| ---” stands for conditioning on y;> and Z;; = 1. approaches are all positively skewed, but the TG VeI ST ST
: : : : : " : _ scattering patterns somewhat different. @ Standardized data o
Given the hierarchical representation, we have the following conditional expectations: - JP O
The MuSNFA offer the strongest degree of = v N = Vo
E(Ty| ) = W + A [E(y —c1g | )]}, W =1,+ B, CI’B; =B, ¢ (y;— ) skewness, followed by MrSNFA and MFA. '
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where E(y;" | -~ ) and E(y;y;" | --- ) are the first-two moments of the TMVN distribution. L .
_ Ui o At )
> ECM algorlthm __”f&( B G MFA MrSNFA MuSNFA
Given the initial E-step : e | A | | e B E S 5] '
parameter values Calculate the Q function “ H2Si(ma Uimi) - g me_ﬂh f: J _|_’—’_|_’M f: { —I—h_haﬁ_
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Output )~ ® Given current parameter est[nates, w
56 D", A&, ~.——— conditionally maximize Q(0|0) to . iy
Convergence ? obtain updated parameter values. N LI

(FThe proposed MuSNFA model is a new model-based clustering tool for handling asymmetric = Ghahramani and Hinton(1997) The EM algorithm for factor analyzers. Technical Report No.
CRG-TR-96-1. The University of Toronto, Toronto
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high-dimensionality data with possibly missing values.

[@Experimental results demonstrate that the proposed MuSNFA model may outperform MFA and
MrSNFA on providing a better fit, improved classification performance, and more accurate
prediction for missing values.

> Future research can expand the capabilities of the current method to analyze the data with 5 Lin T, Wang WL (2020) Multivariate-t linear mixed models with censored responses, intermittent
multimodality, multiple skewness, missing values and censored responses simultaneously , missing values and heavy tails. Stat Meth Med Res 29:1288-1304
see Lin et al. (2018) and Lin and Wang (2020) in the context of multivariate linear mixed f?l\/leng XL, Rubin DB (1993) Maximum likelihood estimation via the ECM algorithm: a general

models. framework. Biometrika 80:267-278



